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By Gerald E. Nitzberg and Stewart Crandall

SUMMARY

An snalysis of low-speed boundary—layer flow over alrfolls
at moderate angles of attack and at Reynolds numbers of several
million is presented. Methods are developed for estimating the
growth of the boundsry layer in the regions of laminar separation
and transition. Calculation of the growth of the turbulent
boundary layer and the chordwise locatlon of the turbulent
geparation point are considered.

The concepts, which are found to be basic for understanding
low-gpeed boundasry—layer flow, are also applled to data for
transonic speeds. A close similarity 1s found to exlist between
low—speed and transonic boundary-layer flow. An gpproximate
procedure for calculating boundary—layer growth through shock
waves 18 presented. The local effects of both laminar and
turbulent boundary—layer separation are considered.

INTRODUCTION

Experimental measurements at transonic speeds have 1ndicated
that changes in the glrfoll surfece condition or of Reynolds
number cause marked changes in the chordwise statlc—pressure
distribution. In particular, the flow in the vicinity of the
shock wave is entirely different for laminar than for turbulent
boundary-layer flow. Before an adeguate analysis of transonic
flow past airfoll sections can be made, it 1s necessary to obtaln
some understanding of the characteristice of boundary layers at
transonlc spseds.

There 1s little eanalysis availeble for boundary layers at
transonic speeds; however, a vast literature dealing with low-speed
boundary—-layer theory exists. The question naturally arises as to
whether soms of these numerous methods of analysis can be extended
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to epply to transonlic flow. The various boundary-layer flow regimes
at low speeds are consldered for the case of an alrfoll at a .
moderate angle of attack. A number of baslc characteristics of "
boundery—layer flow appear In this analysls., It is the purpose of
this report to examine some transonic boundary—layer data to
determine whether fundamental similarity exists between boundary—
layer flow at low and transonlc speedsg.

An airfoll at a moderate angle of attack was selected for
the low-speed case in order to avold the complex problem of
predicting the chordwise locatlon of transltion from laminsr to
turbulent flow when this occurs shead of the theoretical position
of laminar geparation. In the case considered, transition from
laminar to turbulent flow follows separation of the laminar
boundary layer and subsequent reattachment of the flow to the
alrfoll surface. This case is frultful because regions of both
laminar and turbulent separation occur.

There are several semiemplirical methods for calculating the
development of -the turbulent boundary layer and the position of \
turbulent separation. Data obtalned at the Bureau of Standards
and recently presented by Dryden.(reference 1) sssist in evaluating
the methods for calculating turbulent separation. These dats show
that the skin-—friction coefflicient of turbulent boundary layers is
highly dependent upon the veloclty profile, that 1s, the shape of
the veloclity distribution through the boundery layer. Thils
dependence was not established at the time von Doenhoff and Tetervin
(reference 2) developed their semiempirical equatlion for calculating
the chordwise position of turbulent separation. It appears that the .
complexlty of thelr equatlon is at least partly dus to attempting
to £1t an equation to the experimental date while neglecting the
dependence of skin-frictlon coeffilclent on the velocity profils.

The much simpler procedure developed by Gruschwitz (reference 3)
is in substantlial agreement with the data of refereance 1 and is a
falr approximation to the data of refersence 2. Therefore, the
semlemplrical equation of Gruschwitz 1s used 1n the present reportf
for calculating the turbulent separation point. '

A significant experimentel study of boundary—layer flow at
transonic speeds has been made by Ackeret, Feldmann, and Rott
(reference 4.) These datas are considered in the present report .
In terms of the concepts developed for low—speed flows.

SYMBOLS . o .G

c alirfoll chord length
h surface Bump helght - g
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o%

ratio/of boundary-layer displacement to momentum thickness
(5% /6)

length of reglon of iaminar separation
ratio of local veloclty to local veloclty of sound
ratio of local velocity to critical velocity of sound
static pressure
total head
dynamic pressure

7U.e\

Reynolds number based on airfoll chord K;%;)

Re&nolds number based on boundary—layer momentum thlckness

&)
v
T\2
pressure coefficient —_—
<U0>

local velocity in boundary layer
local veloclty outsidse boundary layer
free—-stream velocity

maximm perturbation veloclty
chordwise distance

distance normal to surface

d./E]

locit dient
velocity gradien EIZEZQ

total boundary-leyer thickness

boundary-layer displacement thlckness

[oon [ (2-28) o ]

density outside boundary layer
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Py density in boundary layer at point where velocity equals u
2] boundary-layer momentum thickness
[9 B puu<_—>dy]
o
1 Gruschwitz boundary-leyer shape parameter (equation (6))
.To surface shearing stress

To/éq skin—friction cosfficient

v kinemstic viscosity

ARALYSTS (F LON-SPEED BOUNDARY-TAYER FLOW

Conslder s smooth—surfaced airfoll at s moderate angle of
attack in a low—turbulence low—speed flow. The varlous regimes of
boundary-layer flow over the alrfoll can be readily differentiated
on the basls of the local pressure distribution. To avold the
confusion of plus and minus signs, the pressure coefficlent S, which
is defined as the ratio of the local to the free-—stream veloclty
squared, will be used. The maxlmum pressure coefficient occurs on
the upper surface near the alrfoll leading edge. (See fig. 1.)
Over the next few percent of the airfoil chord, there 1s an abrupt
decrease in S. This decrease occurs 1n two parts which are divided
by & short region of constant pressure. The corresponding behavior
of the boundary layer 1s as follows: From the peak pressure polint
to the constant-pressure region the flow 1s laminar. In the regilon
of constant pressure, which will be shown to be about 1 percent of
the chord in length for Reynolds numbers of gbout one million, the
boundary layer remalns laminar but is separated from the surface by
& "dead-air" bubble., The flow then turns turbulent and spreads
back to the surface with the accompanying second abrupt decrease
in S, Aft of the sharp forward pressure pesk there are relatively
moderate chordwise pressure gradients (fig. 1) and the boundary
layer is turbulent, Over the rear portion of the airfoll there
is a reglon of relatively constant pressure. In such a reglon, S
is somewhat greater than one, and the local boundaryhlayer flow is
referred to as turbulent separation. ,

The pressure dlstribution which has Just-been described is
the actual viscous—flow pressure dlstribution which approximsates
the potential-theory pressure distribution except in the vicinity °
of both the region of laminar and turbulent sepasration.

The varlious reglmes of flow will now be treated in detail.
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Iaminer Flow

The extent of, the laminar flow on the airfoll for the case
being considered is small but it is of importance for determining
the initial conditions in the turbulent boundary layer. In refer—
ence 5,von Kdrmén end Milliken have studied leminar boundary-layer
separation for the case of pressure distributions having a sgharp
peek, It 1s shown In this reference that the conditions for
laminsr sgeparation are independent of both Reynolds number and the
actual magnitude of the peak pressure coefficient. When the maximum
pressure occurs nsar the leading edge, as in the prement case, the
laminar boundery layer separates at the chordwise station at which
the local value of S 1s about 0.81 times the peak pressure coeffi—
cient, - Furthermore, as can be determined from the results of
reference 5, the local boundary-layer momentum thickness at this
separation point is simply

0.4
JRop

where ¢ 1s the chord length, R, 1is the alrfoll Reynolds
number, and B 1is defined as

) avs _ a(u/u)
P a(x/c) = a(x/c)

For the low—speed type of alrfoll pressure distribution being
analyzed in the present report,the value of § 18 nsarly constant
from the pressure peak to the laminar separatlon point so that
equation (1) is applicable., From reference 5,it is also found
that at the laminar separation point the ratio of boundary—-layer
displacement to momentum thickness has a value of 3.8,

(1)

e
c

A reglon of separated laminar flow 1s characterized by
constant local pressure. Thus, as there ars no pressure or shear
forces acting on the boundary layer, there cannot be any apprecilable
changes in the boundary~layer momentum defect; that is, the
boundary-leyer momentum thickness muat remain virtually constant
-over the constant-pressure reglon. At the same time there must
be a rapld local lncreasge in the boundary-—layer displacement
thickness since 1t 1s necessary to have a distortion of the
streamlines to decrease the local pressure gradient to zero. In
refersnce 6, laminar separation was measured onem NACA 66,2-216
airfoll section at an angle of attack of 10.1° and for a Reynolds
number range of 0.9 to 2.6 million. An analysis of these data
indicated that the momentum thlckness does remalin virtually constant



6 NACA TN No. 1623

in the reglon of eongtant pressure while there is a marked increase
in the boundery-layer displacement thickness. (See fig. 2.)

There appears to be the followlng factor determining the
magnitude of this increase in the displacement thickness., Through—
out the range of Reynolds numbers for which data are presented, the
length of the reglion of constant pressure can be characterlzed by
& value of RI, equal to approximately 25,000, where Ry 18 the
length of the reglon of constant pressure times the local veloclity
and divided by the kinsmetic viscosity. Two other propexrties of
the laminaer separated reglon are known: The loocal pressure, hence
velocity, are congstant; whereas 1n the absence of separation there
would be a large local veloclity gredlent p. The shape and
magnitude of the dead—air'bubb;e are such as to bring about this
change 1n the local velocity gradient. From thin airfoll theory,
it is known that a local veloclty perturbation is proportional to
the height of & local bump h AT

i - ()
where
h height of bump
alej velocity perturbation due to bump
U local stresm velocity
L. length of region of constant velocity characterized by

Ry, = 25,000

The following data obtained from reference 6 indicate that the
value of K 1s about ons:

Reynolds Ja\sj h
number U L
b
0.9 X 1086 0.10 | 0.08
1.5 x 108 o| .08
2,2 x 10© .08 .07

The height of the dead-—air bubble is thus directly determinable
from the potential-—theory pressure distribution and equation (2).
That this helght 1s equal to the increment of the displacement
thickness over the constent—pressure reglon follows directly from
the definition of the displacement thickness, since the air velocity
inside the bubble is virtually zero. '
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The boundary-layer momentum and dlisplacement thickness at the
end of the reglon of laminar separation are thus calculabls. The
local momentum thickness is obtained from equation (1), and the
displacement thickness is 3.8 times this value plus the maximm
displacement of the separated flow from the surface. The latter
guantity is obtained from equation (2).

Trangition Reglon

At the termination of the short consteant—pressure reglon, the
separated leminsr flow becomss turbulent and spreads back toward
the airfoll surface. Over the region in which the separated
turbulent flow spreads toward the alrfoll surface to establish
itself as a turbulent boundary layer, there 1s a large pressure
gradient. An analysis of the experimental boundary-layer profiles
in reference 6 indicated that over this region there was only &
small varletion in the boundsry-layer displacement thickness. This
varlation consisted of an Initlal decrease followed by an increase,
go thet the displecement thickness at the end of this region of
large pressure gredient was nearly the same as at the beginning.
At the same time, the boundary-layer momentum thicknees lncreased
rapidly. The classlical equatlon for analyzing the growth of
momentum thickness is the boundary-layer momentum integral equs—~
tion ’

AR N G)
where
e momentum thickness
x length along alrfoll surface
&% - diasplacement thickness
S pressure coefficlent
g local dynamic pressure

/20 skin-friction coefficient

The growth of the boundary-layer momentum thickness in the transi-—
tion region can be calculated by means of egquation (3). This
calculation 1s simple because when the flow 1ls detached from the
surface the skin-friction coefficlent 1ls zero; moreover the experi-
mental date suggest the use of & congtant value of the boundary-layer
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displacement thickness, namely, ites value at the end of the reglon
of laminar separation, Hence eguation (3) reduces to

20145, % S2
Bo+5, % S, S -

where subscripts 1 and =2 Indicate, respectively, conditions at the
beginning of and at some later point in the trensition region.

In figure 2,a comparison is presented between the theoretical
and experimental momentum thickness distribution in the region of
laminar separation and transition for the NACA 66,2-216, a = 0.6
airfoil section at an angle of attack of 10.1° and a Reynolds number
of 900,000, According to the theory, the momentum thickness should
remain constant over the region of separation at a value given by
equation (1). In the transition reglon the momentum thickness growth
‘was calculated by meens of equation (4), using the experimental
pressure distribution obtained from reference 6 and assuming a
constant value of displacement thickness of 00,0009 chord lengths.

The velue of momentum thickness at the point of laminar
separation estimated,using equation (1), agrees well with the
experimental value. However, there 1s a growth of momentum thlckness
in the reglion of constant pressure not predicted by the theory.
Consequently, the theoretical values of momentum thickness in the
following transition region are lower than the experimental because
they depend upon the theoreticael value at the end of the constant—
pressure reglon which 1s somewhat lower than the experimental,

Turbulent Flow

A number of methods are avaellable for calculating the growth
of the turbulent boundary layer. These methods consist of different
procedures for solving the boundary-laysr momentum equation. The
factors which appear in this equation are the chordwise pressure
distribution, the local ratio of displacement to momentum thickness,
and the locel skin—friction coefficient., At points some distance
ehead of the turbulent separation there is uncertainty in the
theoretical eatimation of each of these factors. The presence of
a region of sepaerated flow sppreciably alters the pressure distrli-
butlon, ahead of as well as behind the separation point, from the
unseparated or potential—flow distribution. The ratio of displace—
ment to momentum thickness varies from about 1.4 to 2.5 over the
region of turbulent flow. The data recently presented by Dryden
show that the varlation of this retic resulte in & marked verlstion
in the skin-friotion coefficient.
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In spite of the previocusly mentioned difficulties, relatively
simple approximate solutions of the momentum equation can be used
to obtain quite accurate values for the boundary—layer growth up
to the vicinlty of the turbulent seperation point. In ceses where
turbulent separation o¢curs, errors in evaluating the skin—friction
coefficlent are of secondary importance because the effects of the
local pressure forces on the boundary-—layer growth are larger than
the surface shear forces. The ratio of displacement to momentum
thickness '5*/9 appears in the momentum equation only in the group
(8%/6 + 2) which, although ranging fram 3.4 to 4.5, only varies
between 3.4 and 3.8 for the major portion of the region of
unseparated turbulent flow. It thus appears that the greatest
uncertalnty in the theoretlcal calculation of boundary-layer growth

arises from changes 1n the pressure distribution due to the presence
of a region of turbulent separated flow. The magnitude of these
pressure changes depends upon the variation of the boundary—layer
displacement thickness in the wake as well as over the rear portion
of the airfoil. Thils 1s & complex problem which has not as yet
been adequately solved. Of course, if the boundary—layer calcula—
tions are bamsed on an experimental pressure distributlion, this

complexity is circumvented.

In view of the uncertainty in evaluating the basic parameters,
1t follows that elaborate step-by—step calculations of the boundary—
layer growth involve unwarranted complexity. For fully developed,
turbulent, boundary-layer flow, a reasonsble value for the skin—
friction coefficient can be obtalned from Falkmer's equation for
turbulent flow over flat plates (reference 7), namely

T
o 1

24 153 391/3
where Rg 1s the local Reynolds number in which the momentum
thickness is used as the characteristic length. The chordwise
variation of boundary-layer momentum thickness can be obtained
most directly by substituting this equation into equation (3) and
integrating under the assumption of & constant average value of H
of 1.6 which leads to

@):6 - ch‘.g__/g_;{g_z ‘{x‘ ;::)23211 (x/c) + <%>;’/3 QS—:)ZJ (5)

A knowledge of the chordwise growth of boundary—layer momsntum
thickness gives no indication of separation. Boundary-layer
measurements in the vielnity of the turbulent ssparation point are
in general agreement that the boundary—layer shape parameter
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(E = 5%/6) can be used as an indicator of the location of the
turbulent separation point. The value of H at separatlion is
between 1.8 and 2.7, usually being ebout 2.5. Therefore,a
relationshlp is needed to permit the calculation of the boundary—
layer shape parameter. In reference 2,the semlempirical equation
derived for calculating the variation of H 1s

da" 4 .680 (H-2.975) @ as Egj ' - J
g—==0 |m=m———- 2.035 (E — 1.286
2. s R-eom )
'..r—
where 2—0» is the egquivalent flat-plate skin-friction coefficlent
q

based on the local value of Ry. It appears that thils eguation is
excesslvely caomplex as a result of the fact that, in fitting an
equation to the experimental data, it was assumed that the value
of the skin-friction coefficient was independent of H. The data
presented in reference 1 indiocate that, for values of H from about
1.5 to 2.2,the skin-frictlion coefficient is approximately

proportional to (¥,/2q)/(E-1.29). Thus, when the dependence of

skin-friction coefficient on H 1s taken into account the von Doenhoff-—
Tetervin equation msy reduce to the much simpler form

F(E)aE = - S 22 _ 5 &
To 9

However, there are not sufflicient deata avallable to permit an
accurate determination of the variation of skin-friction coefficlent
with H as well as with Reynolds number., In the present report

the Gruschwitz equation will be used.

Gruschwitz assumed that the turbulent boundary-layer velocity
profiles formed a one-—paramster family, The shape parameter he
used was defined as

n=l—<%j;6 (6)

This parameter is related to &, x, and S by the empiricalequation

6 d(sn)
dx

= 0,00461 — 0.00894 q

o]]
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The data of references 1 and 2 lend considerable weight to the basic
asgumptlion of Gruschwitz. In both of these references, the velocity
digtribution through the boundery layer 1s shown to depend only
upon H. The varlation of the boundary-layer velocity profile with
H 1s studied by plotting curves of ufﬁ versus H for varlous
congtent values of y/e The data In these two reporits are in good
agreement for values of y/6 =above one.

Av armeloota AP +la Aatea n-P -na-P moe 1 and O revsa alad +had
Sl Qlilklyols Vi VIS WL LTl O wopD 4. Gl & LU VUG-LUU. i U
for each alrfoll the quantity Sy ied less than 20 percent

throughout the region of turbulent flow. This variation appeared
to be somewhat dependent upon Reynolds number and hence these data
were not ln close agreement with the equation presented by
Gruschwiltz. However, for Reynolds numbers of several million the
average varlation for each configuration investigated was well
represented by

a(sn)

0| o

= 0,005 — 0.009 q (7

which 1s essentially the Gruschwitz equation., Thls equatlion was
investigated only for reglons of decreasing pressure coefficlent §S.
It can be used to calculate the turbulent boundary-layer separation
point for airfolls at moderate angles of attack. The valus of

for which fully turbulent flow starts is approximately 0.58 (H = 1l.4),
and separation occurs when 1 attains a value of about 0.93 (E = 2.5).
In. performing this computation,it is merely necessary to know the
chordwise pressure distribution. Wpen the reglon of separated
turbulent flow 1s more than 10 percent of the chord in length, there
is a substantial difference between the actual and the potential—
theory pressure dlstributlons., Consegquently, 1f the calculations

are based on the potentlal-theory pressure distribution, considersble
error can exist in estimating the chordwise position of the separa-
tion point. However, since, as was noted above, there is only =
moderate chordwise variation in the quantity Sm, 1t is possible

to obtaln a cloge estimate of the value of the pressure coefficient

S over the separated reglon. In fact,a useful rough approximstion
is

or
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which emphasizes that turbulent separation, Just like laminar
separation, 1s primerily & result of decreases in the pressure
coefficient S,

The chordwige variation of n (or H) is of interest for
evaluating chaenges in the veloclity profile shape as well as for
predicting separation. An Interesting approximation for these
velocity proflles can be obtained as follows:

Asgume thet the velocity distribution through the boundary
layer 1is related by a power law to the distance from the surface,

namely,
) §
u_(vy
’6'(8)

From the definitions of the varlous quantitles it follows that
N ; - X m=1+28

6
8 (1+N) (1+2N) ° & Wl

and hence

N ®

This simple expression is in surprisingly close agreement with the
experimental data, The Gruschwltz shape perameter ls then

2 2N
n=l-<:-;> =1—[ al ] (9)
756 (1+K) (1+2N)
The veriation of 1 with H given by this expression 1s shown in
figure 3, which agrees satisfactorily with the curve obtained
empirically by Gruschwitz. A further indication of the value of
ueing 1 a8 a parameter 1s that the variation of skin-friction
coefficient with n is linear for the data presented by Dryden.
These data indicate a relation between the skin-friction coceffi-—
¢lent and the boundary-layer shape fa.ctor such as

.- 4 (2.8 - 3n)
2q

T
where -2-9 is the flat-plate skin-friotion coefficient.
a

The turbulen'b separetion on an NACA 66,2-216, a = 0.6 airfoil
section at 10.1° angle of attack and a Reynolds nu:mber of 2.6 million
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is analyzed in reference 2. The experimental pressure distribution
for this airfoll 1s shown in figure 1. The growth of the momentum
thickness in the turbulent region 1s computed by mesans of eque~

tion (5) and the experimental pressure distribution. The values ™
obtained in this computation are substituted in equation (7) and the
chordwlse variation of n and hence H evaluated, These values

of E and also the calculated values of momentum thickness are
compared with the experimental data in figure 4. Although the
computed values of H are smaller than those measured experimentally,
the curves are similar in shape, and the fact that turbulent separa—
tion is imminent at the 0.7 chord statlon is predicted by the theory.

ANAT.OGIES BETWEEN BOUNDARY-TAYER FLOW AT
TRANSORIC AND AT LOW SPEEDS

A number of the concepts which were developed in the preceding
gsection for low—epeed flows wlll be shown to apply In compressible
Plow. Recently Ackeret, Feldmann, and Rott (reference L) published
a thorough experimental investigation of boundary-layer flow in the
viclnity of compression shock waves. These date will now bs examined
in the light of the preceding low—gpeed analysls., At transonic speeds
the flow over an alrfoll may be divided into three reglons: the
forward subgsonic region, followed by & supersonic region terminated
by a compression shock which returns the local flow to subsonilc
speeds. It 1s the character of the return of the flow from super—
gsonic to subsonic velocity which varies with the state of flow in
the boundary layer. ‘

TLaminar Flow

Consider first the case of laminar boundary-layer separation
in the vicinity of a compression shock wave. When the boundary
layer lmmediately ahead of the shock wave is laminar and the local
Mach number 1s about 1.2 or greater, the compressilon shock wave
1s shaped like the Greek letter A. The front leg of the A 1is
an oblique shock wave arising from the deflection of the boundary
layer from the surface, thet is, laminar separation. The rear leg
igs the main compression wave through which the flow goes from
supersonic to subsonic velocity. Between these two branches of
the shock wave the surface stetic pressure rsmains constant, a
characteristic property of regions of laminar separation. Ackeret,
Feldmann, and Rott present boundary-layer msasurements for thls
type of flow., No measurements of the local veloclity within the
bubble of separstion are presented. They assume appreclable
negative veloclty to exlist in this bubble; whereas these veloclties
should be considered negligible. The boundary-laysr-momentum and
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displacement—thickness dlgtributions were recalculated for zero
velocity in the dead—alr bubble, In performing these recalculations,
the Ackeret procedure was used for obtalning the approximate density
variation through the boundary layer from the measured Mach number
]distribution. This procedure ls based on the assumption that energy
is constant through the boundary layer, These revised experimental
values are shown 1in figure 5. It 1s seen that over-the congtant—

/pressure reglon the displacement thickness grows approximately

linearly (a phenomenon to be discussed later), while the momentum
thickness remains virtually constant., Over the transition region
of rapld pressure recovery, at the base of the main shock wave,
digplacement thickness remalns constant but momentum thlckness
increases. The boundary-layer behavior in these regions 1s similar
to that previously noted for low—speed laminer separation and
transition. Moreover, at Mach numbers of about 1.2 the length of
the constant-pressure reglion can be characterized by a Reynolds
number run of 100,000, & vedue four times that observed at low
gpeeds. This particular numerical value 1s characteristic of

every case of transonic laminar separation presented in reference L.
The difference between the length of the laminar separated region
at low and hligh speeds may be due to the increase 1n the stabllity
of laminar flow with Mach number (reference 8).

Another analogy between transonic and low-—speed laminar
separation 1s the local flow deceleration which is associated with
the onget of laminar separation., Von Kermen and Millikan have
shown that at low speeds laminar separation occurs at the point

where T2 ju2 attains a certaln numerical value.
gseparation’ maxlimum

This value depends only upon the chordwise position of the meximum
local velocity and, for cases in which this position is well
removed from the leadlng edge, the numerical wvalue of the ratlo 1is
approximately 0.88., This analysis could be expected to apply at
transonlic speeds because U2/2 is the kinetic energy per unit mass
of Pluld in compressible as well as lncompresslible flow. The
numerical vaelue of this ratio for the transonic pressure distribu-—
tion shown in figure 5 is 0.92 which 1s in satisfactory agreement
wlth the low-speed analysis. Moreover, this ratlo corresponds to

a flow deflection of 1.5° when supersonic obligue—shock-wave

theory 1s applied. In figure 5, this value 1s presented as the
theoretical curve for the growth of the boundary-leyer displacement
thickness over the reglon of laminar meparation, The thecoreticel
variation of the displacement thickness i1s seen to be only about
one-half of that found experimentally. This difference 1s primarily
due to the curvature of the surfece. The flow is deflected 1.5°
with reference to a line tangent to the surface at the polnt of
deflection. Consequently, in addition to the increase in dlsplace—
ment thlckness caused by the flow deflection, there is an increase
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measured by the perpendicular distance from the surface to the lins
tangent to the surface at the deflection point. It was not possible
to determine this distance from the data presented in reference L.

A more exact calculation would consider thls effect of surface
curvature and then assume that 5% I1s comnstant over the following
trangition reglon. The momentum thickness 1s theoretlically constant
over the reglon of laminar seperation while the experimental measure—
monts show & small inorease. In the reglon of transition and

reattachmont. which occurs st the bamxe of the main shock wave, the
reacoacamenty, Wwnienh OCCUre &% The dame OI Tae mall galcX wave, tae

transonic date indicate that the displacement thickness is virtually
congtant. This result 1s the mems as that noted for low—-speed flow.

In order to calculete the growth of the boundary—layer momentum
thickness in the transition reglon,it ls necessary to employ the
momentum integral equation. For a compressible fluid, this equa—
tlon 1is

where p and U are, respectively, the local denslty and veloclty
immedietely outside the boundary layer. In the transition region,
the flow ls detached from the surface so the skin-friction coeffi-
clent is gzero. As a first approximation to the density varlation
outside the boundary layer adisdbetic variation is assumed. Then
the solution of equation (10) is

Cl*+xel>1/ K Mpx
——— T et

1%+K62 My*

where subsoripts 1 and = are, respectively, conditions at the
beginning and end of an interval in which K 1is the average value
of

1o-TM%2
X = m—-

The momentum—thickness distribution calculated, by means of this
approximate solution, over the transition reglon is also presented

in figure 5.

A further effect of laminar separation, which 1s indicated by
Ackeret's data, 18 a rearward movement of the posltion of the main
shock wave from its position when the boundary layer is turbulent.
Consider the subsonic chordwise veloclty distributlon behind the
shock wave 1n the latter case as a reference distribution; it is
apparent that the presence of the effective bump, which is the bubble



16 . . NACA TN No. 1623

of laminar seperation, raises the local velocities above the
reference distribution. Thus, the chordwise locatlon of the point
at which sonic wvelocity occura moves aft,and hence the shock wave
moves aft when fully turbulent boundary-layer flow is replaced by
laminar geparation. It should be noted that between these two types
of shock~wave boundary-layer interaction thers is another possible
type. When laminar separation ococcuras some dilstance from the leading
edge of an airfoil, the laminar boundary layer at the separation
point 1s rather thick and easily destabllized. Thus, the very process
of leminar separatlion could precipitate trensition ahead of the main
shock wave. This would result in s marked change in the appearance
of the main shock wave from that of the lambda-type wave.

The question arises as to whether the boundary-layer
momentum integral equetion cen be used to calculate the boundary—
layer growth through e shock wave. The primary factor which could
invelidate the use of this equatlon would be the occurrence of
static pressure varistion through the boundary layer. In refer-—
ence L, statlc pressure surveys through the boundary layer are
presented. The experimental measurements show that the statlc
pressure is virtually constant through the boundary layer even
when there 1s a large static pressure gradient Immediately outside
the boundary layer. Eguation (10) 1s therefore applicable. However,
before attempting a solution of this equation for turbulent flows,
it 18 necesmary to investigate the characterlstics of turbulent
boundary layers at high speeds.

Turbulent Flow

The transonic, turbulent-boundary-layer velocity profiles
pregented by Ackeret can be analyred by the methods used for low—
speed turbulent velocity profiles. The varlable considered was
the ratio of the local velocity at varlious points 1inside the
boundary layer to the loccal veloclty immedlately outslde the
boundery layer. The points for which the local velocity retio
wag considered were at a distence y from the airfoll surface
equael to the local momentum thickness 6, and also at even integral
multiples of this distance y/6 from the surface. The latter points
are plotted against the former in figure 6. The curves drawn in
this figure were obtained for low-—epeed turbulent boundary layers.
The data for a value of y/0 of, 4 indicate that the boundary—
layer velocity proflles at transonic speedes mey differ scmewhat
from those at low apeed over the outer portion of the profiles.
However, at the inner portion of the boundary layer, the velues for
transonlc speede are in agreement with the curves obtalned from
low—speed data. It therefore follows that essentlally the same
boundary-layer velocity profiles occur at low and transconic speeds,
and throughout this Mach nmumber range the same Gruschwitz shaye

parameter v applies.
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PR Iy betws o ‘and Re /o faa ) diffsrent for

The relation betwsen | and o~/C \Or nj is diffsyven r
compressible and incompresaible flows because of the verlation of
density through the boundary layer. Ackeret assumes that the
total energy and statlc pressure are constant through the boundary
layer. From this it follows that the denslty variation through
the boundary layer is a function of the velocity—profile shape,
the free—stream Mach number, and the local stream Mach number M.
Values of H have been calculated for free—stream Mach mumbers
between 0.7 and 1.0, and varioud local Mach numbers. As long as
the local Mach number is greater than the free—stream Mach number
but less than 1.4, the effect of oom:pressibility ocn the value of
H is well approxima,ted by

H=HM=O<1+%M2) (11)

It 1s now possible to consider solutions of equation (10) which
can be used to calculate the turbulent—boundary-layer growth through
a shock wave. The presaurs and Mach number variation in this region
are large, anB both of these factors have apprecisble effects on H.
The pressure variation causes an Ilncrease in H, the magnitude of
which is reduced as a result of the decreasing local Mach numbers.
This suggests the simple approximation of agaln using a constant
average value of H in solving the momentum integrel equation. This
1s such a gross approximetlion that it would be foollish to attempt
to include the relatively small effect of the surface shear forces.
Assuming a constant average value of 5*/9 and neglecting the
surface shear forces, equation (10) reduces to

(2+H)
8pU = constant (12)

This same eguatlon has been employed (reference 9) for estimating
the increage in boundary--layer momentum thickness through the
trailing—edge shock wave of an alrfoll at supersonic speeds.

It 1s necesgary to calculate the chordwise varlation of both
H and the momentum thickness 8 before an estimation of the growth
of the displacement thickness &% may be made. As has been
previously discussed, an analysls of the turbulent transonic
boundary layers of reference 4 (fig. 6) indicated the applicabllity
of the parameter 7 for specifying the shape of the boundary layer.
Therefore, the data of reference h- woere analyzed in terms of equa—
tion (7) of this report. In performing this analysis, equation (7)
was written in the form
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.8 a(qu)
— =’ = 0,005 - 0.009 13)
U° dx . b (
and used with the experimental wvalues of 6 end M¥ to calculate the
variation of . The calculated and experimental values of 93 are
compared in figure 7. With the chordwise variation of 7 known,
values of Hy. o may be determined from equation (9) or figure 3.

Equation (11) gives the correction to Hy.q for the effect of
campressibllity. Since H equals 8*/9, 5% 1p Immediately avallable.

To 1l1lustrate these results,a typlcal exsmple, taken from refer—
ence 4, is presented in figure 8. The calculations were based on
the experimental static pressure distribution which was converted
to veloclity dlstribution by using Bernoulli's equation for adiabatic
flow. At the peak pressure, the value of H was obtalned from equa— .
tion (11) under the assumption that Hy=g would have been 1.k,

This value of H was used in equation (12) to calculate the momentum-
thickness distribution shown in figure 8. Eguation (13) then gave
the chordwise verlation of 1. Flgure 3 was used to convert the
calculated values of 1 to Hy.p and eguation (11) to determins the

corresponding velues of H., Since H equals 6*/9, &% was easily
determined, These values are also campared with the experimental
measurements in figure 8,

The date presented by Ackeret indicate an importent fact
regerding the variatlon of the turbulent-boundary-layer proflle
shape through the shock wave. In the lmmediate vicinity of the
shock wave, the large pressure gradient causes the veloclty profile
to approach the shape asgsociated with turbulent separation in low—
speed flows, However, immedlately following this region 1s one
wlth much smaller pressure gradlents,and in thils latter reglon the
boundary-layer veloclty proflle tends to return to a shape character—
1stic of unseparated turbulent boundary layers. This tendency to
return to a flat-plate type of veloclty profile is indicated, by
equation (13) and figure T, to be characteristic of regions of small
pressure gradlents. It thus appears possible that immedlately
behind a sufficlently intense shock wave the boundary layer mey be
separated, but re-establishment of turbulent boundary—layer flow
will occur if the subsonic reglon behind the shock is sufficiently
extensive and if the adverse pressure gradient over that region 1s
small,

DISCUSSION AND CONCLUDING REMARKS
In the precedling analysis,a general simllarity has been found

between boundary-layer flows at low speeds and transonic speeds.
The low—gpeed case considered was an airfoll section at moderate
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angle of attack; the transonic case was a surface over which there
was a rather extenslive region of supersonic flow. The comparison
of the verlous flow regimss for these two cases willl now be
dlscussed.

Laminar separation in the low—speed case is due to the
adverse pressure gradient aft of the sharp leadlng—edge pressure
peak. The potential—theory pressure distribution 1s so modified
by the presence of separation that locally the pressure gradient
1s zero. The extent of the zero—gradient reglon 1s such as to
permit the laminsr flow to turn turbulent and is characterized by
8 Reynolds mumber run of approximately 25,000. At transonic speeds
laminar geparation is more complex because the occurrsnce of an
adverse gradient and laminar separation are two aspects of the
same physlcal phencmena; that 1s, 1t 1s not apparent that one is
cause and the other effect. However, the magnitude of the flow
deceleration immediately ahead of separation is the same as for
low—speed flows, and in the latter case 1t 1s known that this flow
deceleration causes laminar separation.

The examples of tramsonic flow considered in the present
report have a more extensive length of laminar £low ahead of the
transition point and hence & thicker boundary layer than the low—
speed examples. Consequently, the transonic disturbance which
cauges laminar separation at one Reynolds number can cause abrupt
trangltion at a somewhat larger Reynolds mumber. For modsrate
Reynolds numbers (about ons million) and Mach numbers of sbout 1.2
the length of the laminar-geparation region is characterized by a
Reynolds number run of about 100,000,

At both low and transonic speeds, the boundary—layer momentum
thickness remains constant over the constant—pressure reglon, and
the dlsplacement thickness grows in such & manner as to effectively
change the local surface shape to one over which the pressurs
gradient would be zero. When transition occurs, there is a large
pressure gradient and considerable pressure recovery before the
geparated flow reattaches to the surface as a turbulent boundary
layer. It does not seem to have been recognized previocusly that
such a large pressure recovery occurs over the transition region
before the onset of fully developed turbulent boundary-layer flow.
In the transition reglon the boundary-layer displacement thickness
is relatively constant, while the momentum thickness increases
markedly.

The veloclty distributions through bturbulent boundary layers
at low and transonic speeds appear to belong to the same one—
paramoter famlly. Thus, specifylng the ratio of the local stream
veloclty to the velocity at a& distance from the surface equal to



20 NACA TN No. 1623

the local momentum thickness immediately specifies the entire
veloclty profile. Thils property of turbulent boundery layers
suggeats the use of the Gruschwitz method for celculating the
chordwlse variation of the velocity—profile shape. The availlable
date indicate that such celculations give results in falr agreement
with experimental measurements at both low and transonic speseds,

A rough approximation dstermined from the Gruschwitz equation
for the magnitude of the flow deceleration which is sufficlent to
cause an initially fully developed turbulent boundary layer to

2

separate l1s (Use ration) _ 1

Uinitial 2
It thus follows that if the boundary layer 1s turbulent ahead of &
shock wave, and through the shock +the local Mach number goes subsonic
from a moderate supersonic value, then separation may exist behind
the shock. However, the turbulent boundary leyer re—establishes
1tself as unseparated flow if the adverse pressure gradlent behind
the shock is sufficlently small. Thile important effect of the
pressure gradient exlsting behind the shock wave suggests that
airfoll sectlions having small pressure gradients over the rear
portlion of the chord will have better flow characteristics at
transonic speeds than airfoils having large gradlents in this region.

The question arises as to whether the megnitude of the peak
local Mach number occurring on ailrfolls is limited by flow separa—
tion. The aveilable date give no answer to this problem. However,
the anslysis indicates that, 1if turbulent boundary-layer flow
oxlsts ahead of the shock, the maximum deceleration through the
shock compatible with the stabllity of the turbulent boundary layer
corresponds to & decrease in Mach number from 1.5 to 1,0. Thus, if
the flow behind the shock 1s to be subsonic, the propexrtlies of the
turbulent boundary layer appear to impose a limiting value of 1.5
for the peak Mach number,

The rather rudimentery analysls of the present report cannot
be consldered as the answer to the various problems dealt with. It
is rather intended to present & simple and ocherent picture of the
boundary-layer varliation for certain airfoll configurations. The
baslic similarities between the low—speed and transonic—speed cases
considered indicate that important simpiifications and extensions
of current boundary-leyer theory are possible.

Ames Aeronautiocal Isaboratory,
Nationael Advisory Commlttee for Aeronautics,
Moffett Fleld, Calif.



NACA TN No. 1623 21

Dryden, Hugh L.: Some Recent Contributions to the Study of
Transition and Turbulent Boundary Iayers. NACA TN No. 1168,
1947,

voen Doenhoff, Albert E., and Tetervin, Neal: Determination
of Gensral Reletions for the Behavior of Turbulent Boundary
Iayers. NACA ACR No. 3G13, 1943, v# 772

Gruschwitz, E.: Die Turbulente Reibungsschicht in Ebener
Stromung Bel Druckebfall wmd Druckanstelg. Ing-Archiv,
vol. 2, no. 3, Sept. 1931, pp. 321-346,

Ackeret, J., Feldmann, ¥., and Rott, N.: Investigations of
Compression Shocks and Boundary Iayers in Gases Moving at
High Speed. RACA T No. 1113, 1947.

von KermAn, Th,, and Millikan, C. B.: On the Theory of Laminar
Boundaery Iayers Involving Separation. NACA TR Fo. 50L,
193k,

von Doenhoff, Albert E., and Tetervin, Neal: Investigation
‘of the Varistion of Lift Coefficient with Reynolds Number
at a Moderate Angle of Attack on a Low=Drag Alrfoil., NACA
CB, Nov. 1g9k2.

Falkner, V. M,: A New Law for Calculating Drasg. The Resistance
of a Smooth Flat Plate with Turbulent Boundary Iayer. Alr—
craft Engineering, vol. XV, no. 169, Mar. 1943, pp. 64-69.

Allen, H, Jullan, and Nitzberg, Gerald E.: The Effect of
Compressibility on the Growth of the Lamlnar Boundary Layer
on Low-Drag Wings and Bodies. NACA TN No. 1255, 1947.

Ivey, H. Reese, and Klunker, E, Bernard: Considerations of
the Total Drag of Supersonic Alrfoll Sectlons. NACA TN No.

1371, 1947,






NACA TN No. 1623

23

)
/T Laminar boundary layer
o —— Region of consfant pressure and
laminar_seéparation
(7))
- 4
9
S
S
‘«E R
S 7 5\ 900000 ©
i © N 2,606000 &
® :
§ A
Q ] .
N S |
! 7
Turbulent separation
0
NREE
e .
anmn 1 — |
o 2 4 6 & lO

Chordwise sféﬁan, x/c

Figure |~ Experimental pressure distribution over

upper surface of an NACA 6€6,2-2/6, a=06

airfoil section. @,/0.l: (Data from reference 6)



24 NACA TN No. 1623

48 —
\\ \\ .
T T TN
© 44 - t
- N
9 N
¥ 40 M Y
o ~{
® N
2 36 S
N Theoretical- T
Q
32
00/2
o ' /43\\1,{_
1% 8./6‘ _‘\Vﬂ/ \
0008 ~
K /
&
. /
e/c’
N 0004 v, N
® é/c, compufedl
L] 1 > /4 '
o 5503
005 Ol Q020 025 030

Chordwise station, x,c

Figure 2.~ Variation of pressure coetficient and boundary -layer
momentum and displacement thicknesses over upper surface
of airfoil leading edge. Airfoil section, NACA 66,2-2/6, a=0F6,
R, 900000; @, 10.I° (Data from reference 6)



NACA TN No. 1623

26

24

22

20

Gruschwitz empirical curve /

Boundary-layer shape parameter, H

/8 7
/
Equation 9 )4
/6 77
'/
A
/4 d
. P //
y ,_’ ~REKA
e L |
125 2 7 € g 70

Bauni/ary- /ayér s/rapé paraméier, »

Figure 3.—Variation of H with p.

25



26 0048
Experimental dato /
24 ‘H o 00408
J/c A /' / x

X — %"
o {l o
L 22 0032 x
) / ,9.
S S
S l &
: 2 7 0024 3
8 ] / g
@ 8/c, computed - ,r’;/ i [ E
j? _ P~ H, computed / S?
N = / >
S /5 | AP, 0008 §
T L ’ = ] !
§ _,_.__'a———-—"‘\""wl/ |7 g

14 it S L ey %r | 0

i A 2 3 4 5 6 . [{7;

Chordwise station, x /c

Figure 4.— Experimental ond calculated values of H and 8/c for a NACA 66, 2~-2/6, a=06
airfoil. R, 2600000; a,/01® (Date from refersnce 2)

g2

£25T "ON ML VOVN




NACA TN No. 1623

g & .
g
<
E 7 7z
y | N
g L Q
A
g 6 Et 6 o
I p/R / 3
£ Separated region ¥ | Transition region §
.§ 5 7 5q
: - 5
g, [l et L :
S S *8
S / \\ B
* "N QO
N
| =
§ I/ Y e, computed §
8 8 compufed\/ \ ]
g 2 \\ 7 /l /: 2 .9
A, 7{ /,/ \’// :b:
% / - ’ /I “
3 e \ / / "'5
> / /j&f N o
'g Ao ’,/ s
A= A B
Q i Oy Dy i R
Oi150 760 200 240 2%3 3209

Distance, x, mm.

Figure 5.— Distribution of boundary-layer momentfum
and displacement thicknesses and the ratio of static
pressure lo stagnation pressure rthrough a lambda
type shock wave. Mach number before shock wave,
1.225. (Data from reference 4)



28 NACA TN No. 1623

Or——T T
Low speed, reference /V\
NI }’/ﬂ, 4\X s 75Yo Sl Ko 4
X 51T >
B o
Q)
\ A
~ .6 '
] A
S ;
L
N ZERWE
S 4 '
D
R i
S
s =z
|| ]
06— =23 3 10

_ , g
Local velocity ratio, (u/f//},/g.-/,o

Figure 6.— Comparison of low épeed ond ‘transonic
boundary-/ayer profiles.



ATAMA AT AT S b e
NAVA LN NO., LU=H

n
- 0

L

\\L\
. 8 o N =2
A1 N
et \
4 >\ N7, computed 0
: v _
9 IR 7 7 .8
160 80 200 220 240 260 280
& Distance, x, mm.
§  (a) Ry=1159 at M=12/7.
m L
g
E %Q -—1- "7 —K— b___Fh '§~==..
s .& s 7 N ~2 ¥4
S }\ 7 N
- §' N hY computed
< I~ 7 P
& .4 " Lo
3 M- ol
. S —5
L oL 1 . ) g
S Y90 2oo 220 240 260 260 300 -
T Distance, x, mm.
§ (b) Rg= 1478 at M=1247.
L—(L\l 77\\ ___———’4‘7 % >
.8 AU ’_’____.——;\" T 1T "‘—/.2
Bg{" ~7), computed
i M.‘)\‘f‘\(
4 —o— Lo
— Wl :_
L i |
) 10 20 30 40 50 60 ¢

Distance, x, mm.

. (c) Ry=23I5 at M=1235.

Figure 7— Variation of boundary-layer shape parameter, 7},
- through compression shock waves. Turbulent boundary /layer
ahead of shock. (Data from reference 4)

M

Mach number;



(V3]
(o]

»
. mm.

é

| Boundary-layer momenfum and displacement thicknesses, 8 and

NACA TN No. 1623

32 ¥4
28 - 7
S, compufe'a'> @
N Q
24 A4 =220 6 o
' ®©
o1 |3 w““ﬁ'}ﬁ S
e @
7 ®©
A 7 5 a.
20 ? / 7| Experimental dafa |~ g
/ pp ° ]
/ / g A g
16 2 AN - 43
ol T //f 5
Y :
12 . 3 %:
/ 4, campufeaf ::___.:i g
/'/” Q
P e Q
8 == 2 s
=1 S
2
s
4 F’// A .g
~@ET— T
Owg— 200 220 240 2o zw0°

Distance, x, mm.

Figure 8— Distribution of boundary-layer momentum
and displacement thicknesses and the ratio of static
pressure fo stagnation pressure through a shock
wave for the case of a turbulent boundary (ayer.
Mach number before shock, [279. (Dalta from refer—

ence 4)



